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1 Overview 

The following theorem is a simple example of the Zimmer program's principle that 
large groups should not be able to act on small manifolds. (For a description of 
the Zimmer program, see D.Fisher's survey article |Fis] elsewhere in this volume.) 
Unless stated otherwise, we assume actions are continuous, but we require no addi- 
tional regularity. 

(1.1) Theorem (Witte). Let T be a finite-index subgroup of SL(n,Z), with n>3. 
Then T has no faithful action on the circle S^. 

(1.2) Remark. 

1. The proof of this theorem is not at all difficult, and will be given in Section [3) 
after the result is translated to a more algebraic form in Section [2] The proof 
illustrates the use of calculations with unipotent elements, which is a standard 
technique in the theory of arithmetic groups. 

2. The assumption that n > 3 is essential. Indeed, some finite-index subgroup 
of SL(2,Z) is a free group, which has countless actions on the circle (some 
faithful and some not). 

A group r as in Theorem |1.1| is a lattice in SL(n,M). It is an open question 
whether the theorem generalizes to the other lattices: 

(1.3) Conjecture. Let T be a lattice in SL(n,M), with n > 3. Then T has no 
faithful action on . 

Note that if this conjecture is true, then every action of F on or M has a 
nontrivial kernel. Since the kernel is a normal subgroup, and the Margulis Normal 
Subgroup Theorem tells us that lattices in SL(n,IR) are "almost simple" (if n > 3), 
it follows that the kernel is a finite-index subgroup of F. Therefore, every F-orbit 
is finite. Such reasoning shows that the conjecture can be restated as follows: 

(1.3') Conjecture. Let T be a lattice in SL(n,M), with n > 3. Whenever F acts 
on , every orbit is finite. 

There is considerable evidence for the above conjectures, including the following 
important theorem: 
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(1.4) Theorem (Ghys, Burger-Monod) . // F is any lattice in SL(n,M), with n> 3, 
then every action of T on has at least one finite orbit. 

(1.5) Remark. The proof of E. Ghys utihzes amenabiUty (or the Furstenberg bound- 
ary); see Sections |6] and [zj The proof of M. Burger and N. Monod is based on a 
vanishing theorem for bounded cohomology; see Section [8] 

The above conjectures are about continuous actions, but they can be weakened 
by considering only differentiable actions. It will be explained in Section [4] that 
combining the Ghys-Burger-Monod Theorem with the well-known Reeb-Thurston 
Stability Theorem establishes these weaker conjectures: 

(1.6) Corollary (Ghys, Burger-Monod). // F is any lattice in SL(7i,K), with n > 
3, then: 

1. F has no faithful action on . 

2. Whenever F acts on by diffeomorphisms, every orbit is finite. 

For n > 3, it is well known that every lattice in SL(n, R) has Kazhdan's property 



(T) (see Definition 5.2 1, and the following result shows that if we strengthen the 
differentiability hypothesis slightly, then the conclusion is true for all groups that 
have that property. This is a very broad class of groups (including many groups 
that are not even linear) , so one would expect a much stronger result to hold for the 
special case of lattices in SL(n,K). Thus, this theorem constitutes good evidence 
for Conjecture |1.3| The proof will be presented in Section |5] it is both elegant and 
elementary. 

(1.7) Theorem (Navas). // F is any infinite, discrete group with Kazhdan's prop- 
erty (T), then T has no faithful action on the circle. 

Bounded generation provides another approach to proving Theorem |1.1[ and 
some other cases of Conjecture |1.3| This strategy will be explained in Section [9] 

In spite of the above results. Conjecture |1.3| remains completely open for cocom- 
pact lattices: 

(1.8) Problem. Find a cocompact lattice F in SL(n,M), for some n, such that no 
finite-index subgroup of F has a faithful action on 5*^. 



(1.9) Remark. A final section of the paper {{ 10 1 briefly discusses the generalization 
of Conjecture |1.3| to lattices in other semisimple Lie groups, and two other topics: 
lattices that do act on the circle, and actions on trees. 

Notes for §1. The survey of E. Ghys [Gh3] and the forthcoming book of A. Navas 
|Na2j are excellent introductions to the study of group actions on the circle. Versions 
of Conjecture |1.3| were discussed in conversation as early as 1990, but the first 
published appearance may be in |Gh21 p. 200]. 

Expositions of the Margulis Normal Subgroup Theorem can be found in |Ma2l 
Chap. 4] and [ZUl Chap. 



Regarding the equivalence of Conjectures 1.3 and 1.3' see |Uoml Thm. 1] for a 
proof that if every F-orbit on a connected manifold is finite, then the kernel of the 
action has finite index. 
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2 Algebraic reformulation of the conjecture 

In this section, we explain that Conjecture |1.3| can be reformulated in a purely 
algebraic form (see |2.8| . The proof has two main parts: having an action on is 
almost the same as having an action on M, and having an action on M is essentially 
the same as being left orderable. 

(2.1) Definition. T is left orderable if there is a left-invariant total order on T. 
More precisely, there is an order relation -< on F, such that: 

1. is a total order (that is, for all a,b E F, either a ^ b or a y b, or a = b); 
and 

2. -< is invariant under multiplication on the left (that is, for all a,b,c e F, if 
a ^ b, then ca -< cb). 

(2.2) Exercise. Show F is left orderable if and only if there exists a subset P of F, 
such that 

1. F = PU {e} U P^^ (disjoint union), where P^^ = {a^^ \ a e P}; and 

2. P is closed under multiplication (that is, ab € P, for all a, 6 e P). 
Thus, being left orderable is a property of the internal algebraic structure of F. 

{Hint: A subset P as above is the "positive cone" of an order Given P, define a -< b if b~^a S P. 
Given -<, define P = {a & T \ a )~ e} .] 

(2.3) Remark. The group F is said to be right orderable if there is a ri^/if-invariant 
total order on F. The following exercise shows that the choice between "left order- 
able" and "right orderable" is entirely a matter of personal preference. 

(2.4) Exercise. Show that F is left orderable if and only if F is right orderable. 

[Hint: Define x -4< y if -< y~^. Alternatively, the conclusion can be derived from Exercise |2.2| 
and its analogue for right orderable groups.] 

With this terminology, we can state the following algebraic conjecture, which 
will be seen to be equivalent to Conjecture |1.3[ 

(2.5) Conjecture. Let T be a lattice in SL(n,M), with n > 3. Then F is not left 
orderable. 

As a tool for showing that Conjecture |2.5| is equivalent to Conjecture |1.3| let us 
give a geometric interpretation of being left orderable. 

(2.6) Lemma. A countable group F is left orderable if and only if there is an 
orientation-preserving, faithful action of F on M. 

Proof. {<=) For a, 6 G F, define 

a^b if a(0)<6(0). 
It is easy to see that -< is transitive and antisymmetric, so it defines a partial order 
on F. 

For any c G F, the function x i-^ c(x) is a strictly increasing function on M 
(because the action is orientation preserving). Hence, if a(0) < &(0), then c(a(0)) < 
c(6(0)). Therefore, -< is left-invariant (as required in 
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However, the relation -< may not be a total order, because it could happen that 
a(0) = 6(0), even though a^h. It is not difficult to modify the definition to deal 



with this technical point (see Exercise 2.7) 



(=^') We leave this as an exercise for the reader?^ □ 

(2.7) Exercise. Complete the proof of Lemma |2.6[ <^) , by defining a left-invariant 
total order on F. 

[Hint: Make a list qi,q2,. ■■ of the rational numbers, and define a ~< b ii a{q„) < b{q„), where n is 
minimal with a{q„) ^ 



(2.8) Proposition. Conjectures 1.3 and 2.5 are equivalent 



Proof. We show there exists a counterexample to Conjecture [L3] if and only if there 
exists a counterexample to Conjecture |2.5| 



=) Suppose r is a counterexample to Conjecture 2.5 so F is left orderable 



Then Lemma 2.6 tells us that F has a faithful action on M. This implies that F acts 
faithfully on the one-point compactification of M, which is homeomorphic to . So 
F is a counterexample to Conjecture |1.3[ 



{=>) Suppose F is a counterexample to Conjecture 1.3 so F has a faithful action 



on 5^. From the Ghys-Burger-Monod Theorem (1.4 1, we know that the action has 
a finite orbit. Therefore, some subgroup F' of finite index in F has a fixed point p. 
Then T' acts faithfully on the complement S*^ \ {p}, which is homeomorphic to M. 
Let F" be the subgroup of F' consisting of the elements that act by orientation- 
preserving homeomorphisms (so F" is either F', or a subgroup of index two in F'). 
Then Lemma [2. 6| tells us that F" is left orderable. Furthermore, F" is a lattice in 
SL(n,IR) (because it has finite index in F). Therefore, F" is a counterexample to 
Conjecture |2.5| □ 



(2.9) Warning. The proof docs not show that the assertions of the two conjectures 
are equivalent for each individual lattice F. Rather, if one of the conjectures is valid 
for all lattices F, then the other conjecture is also valid for all F. More precisely, if 
one of the conjectures is valid for every finite-index subgroup of F, then the other 
conjecture is also valid for F. 



we 



(2.10) Remark. In order to prove that Conjecture |2.5| implies Conjecture 1.3 
appealed to Theorem |1.4| which is quite deep. A stronger algebraic conjecture 
(that no central extension of F is left orderable) can easily be shown to imply 
Conjecture |1.3| 



(2.11) Exercise. A central extension of F is a group A, such that K/Z = F, for some 
subgroup Z of the center of A. Show that if F has an orientation-preserving, faithful 
action on S^, then some central extension of F is left orderable. 

[Hint: Because R is the universal cover of , every homeomorphism of lifts to a homeomor- 
phism of M, and the lift is unique modulo an element of the fundamental group Z. Let A be the 
subgroup of Homeo-i-(M) consisting of all of the possible lifts of all of the elements of F, and show 
that A is a central extension that is left orderable.] 

Notes for §2. The material in this section is well known. See |KMj for a treatment 
of the algebraic theory of left-ordered groups. Informative discussions of orderings, 
actions on the line, and related topics appear in [Gh3, §6.5] and [Na2^ §2.2.3-2.2.6]. 



^ Hint: If the order relation (F, ^) is dense (that is, if a -< b => Elc £ F, a -< c -< 6), then 
it is order-isomorphic to (Q, <). The action of F on (F,-<) by left multiplication extends to a 
continuous action of F on the Dedekind completion, which is homeomorphic to M. 
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3 SL(n,Z) has no faithful action on the circle 

In this section, we prove Theorem by exploiting the interaction between some 
obvious nilpotent subgroups of T. The crucial ingredients are Lemma |3.6| and the 



fact that the theorem can be restated in the following algebraic form (cf. 



(3.1) Theorem (Witte). If T is a finite-index subgroup of SL(n,Z), with n > 3, 
then r is not left orderahle. 

(3.2) Remark. It is easy to see that the group SL(?i,Z) itself is not left orderable, 
because it has elements of finite order. But there are subgroups of finite index that 
do not have any elements of finite order, and we will show that they, too, are not 
left orderable. 

(3.3) Definition. Suppose ^ is a left-invariant order relation on F. For elements 
a and h of F, we say a is infinitely smaller than h (denoted a <C &) if either 

for all fc e Z or -< b^^ for all k E Z. Notice that the relation ^ is transitive. 

(3.4) Notation. The commutator a^^b^^ab of elements a and 6 of a group F is 
denoted [a, b]. It is straightforward to check that a commutes with b if and only if 
[a, b] = e (the identity element of F). 

(3.5) Lemma. Let a and b be elements of F. // [a,b] commutes with both a and b, 
then [b'', a™] = [a, ^J-'^™ for allk,meZ. 

Proof. Exercise (or see |Gorl Lems 2.2.2(i) and 2.2.4(iii), pp. 19 and 20]). □ 

(3.6) Lemma (Ault, RhemtuUa). Suppose a,b,z are non-identity elements of a left- 
ordered group H , with [a, b\ = for some nonzero fc S Z, and [a, z\ = [6, z] = e. 
Then either z <ti a or z <ti b. 

Proof. Assume, for simplicity, that a,b, z > e and fc > 0. (All other cases can be 
reduced to this one by replacing some or all of a, b, z with their inverses, and/or 
interchanging a with b.) 

We may assume z a, so a ^ z^ for some p G Z+. Similarly, we may assume 
b < z'' for some q G Z+. Then (using the left-invariance of we have 

e -< a^^z^, e -< b^^z"^, e ^ a, e ^ b, e < z. 

Hence, for all m G Z+, we have 

e -< (6-iz'?)™(a-izP)'"6™a'" 

= fo-™a-™6"a"z(P+«)" {z commutes with a and b) 



^ — km^ + (p+q)m 



([a, 6] — z and see (3.5l) 



= (if m is sufficiently large) 

-< e. 

This is a contradiction. □ 

Proof of Theorem 13.11 Suppose F is left orderable. (This will lead to a con- 
tradiction.) Because subgroups of left-orderable groups are left-orderable, we may 
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assume n = 3; that is, T has finite index in SL(3,Z). Hence, there is some k S 2+ 
such that the six matrices 
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(3.7) 



all belong to F. A straightforward check shows that [aj, a^+i 
(tti)^'' for i = 1, . . . , 6, with subscripts read modulo 6. Thus, Lemma 3.6 

either <C fli-i or <^ Oi+i. 



e and [a,_i, a^+i] 
asserts 



(3.8) 



In particular, we must have either oi <^ ag or oi <C 02. Assume for definiteness 
that fli <^ (The other case is very similar.) For each i, Lemma 3.6 implies that 
if aj_i <C di, then <C Oi+i. Since Oi <C 02, we conclude by induction that 

fli < 02 <C as <C a4 <C as <C ag < Oi. 
Thus ai ^ ai, a contradiction. □ 

For the reader acquainted with root systems, let us give a more conceptual 
presentation of the proof of Theorem |3.1[ 



Alternate version of the proof. The root system of SL(3,Z) is of type A2, pic- 
tured in Figure |3.1| For i = 1, . . . , 6, let Ui be the root space of F corresponding 
to the root ai. (Note that Ui = Z is cyclic. In the notation of the above proof, the 
element belongs to Ui.) Define 

ai <ti aj if there exists u £ Uj, such that Ui ^ u 
(that is, V ^ u, for all v e Ui). 



It is obvious, from Figure 3.1 that ai^i + c 
a root, so 

e ^ [f/j-i, Ui+i] C Ui and 



i+l 



and that ai + aij^i is not 



[U,,U,+i] = e. 

Hence, Lemma |3.6| implies that either ai <C ai-i or ai <C a^+i. Arguing as in the 
above proof, we conclude that 

ai ^ a2 ^ as < "4 < "5 < ctg < Qfi. 
Thus ai <C ai, a contradiction. □ 



4. THE REEB-THURSTON STABILITY THEOREM 
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Notes for §3. Theorem 3.1 is due to D. Witte |Wit| . (An exposition of the proof 



also appears in |Gh3i Thm. 7.2].) Lemma 3.6 is a special case of a theorem of 



J. C. Ault |Aulj and A. H. RhemtuUa |Rhej : if A is any nontrivial, finitely generated, 
left-ordered, nilpotent group, then there is some a G A, such that [A, A] -< a. 

An elementary proof that SL(n, Z) has no nontrivial actions on the circle can 
be found in |BV] , but the argument uses the existence of elements of finite order, 
so it does not apply to finite-index subgroups of SL(n,Z). 



4 The Reeb-Thurston Stability Theorem 



The Ghys-Burger-Monod Theorem (|T^ tells us that if T is a lattice in G = SL(3,M), 
then any action of T on has a finite orbit; in other words, some finite-index 



subgroup r' of r has a fixed point. In order to deduce Corollary 1.6 from this, it 
suffices to show that if the action is by (orientation-preserving) diffeomorphisms, 
then r' acts trivially. This triviality of T' is immediate from the following result: 

(4.1) Proposition (Rccb-Thurston Stability Theorem). Suppose 

• A is a finitely generated subgroup o/DifF_|_(5^), 

• A has a fixed point, and 

• the abelianization A/[A, A] is finite. 
Then A — {e} is trivial. 

A differentiable action on S^ that has a fixed point can be transformed into a dif- 



ferentiable action on the unit interval [0, 1] (cf. pf. of |2.8| ^^)). Thus, Proposition 4.1 
can be reformulated as follows. 

(4.1') Proposition (Rccb-Thurston Stability Theorem). Suppose 

• / = [0, 1] is the unit interval, 

• A is a finitely generated subgroup ofDiS^{I), and 

• the abelianization A/ [A, A] is finite. 
Then A = {e} is trivial. 

Proof in a special case. Define a: A by a{X) = A'(0). From the Chain Rule, 

we see that a is a (multiplicative) homomorphism. Because A/ [A, A] is finite and 
K"*" is abelian, this implies that cr(A) is finite. However, E+ has no nontrivial, finite 
subgroups, so this implies that ct(A) is trivial; therefore 

A'(0) = 1, for all A e A. 

For simplicity, let us assume, henceforth, that each element of A is real-analytic, 
rather than merely C^. (We remark that there is no need to assume A is finitely 
generated in the real analytic case. The proof for actions is similar, but requires 
some additional effort, and does use the hypothesis that A is finitely generated.) 
Thus, each element A of A can be expressed as a power series in a neighborhood 
of 0: 

X{x) = x + ax^2X^ + ax^'iX^ H . 

(There is no constant term, because A(0) ~ 0; the coefficient of x is 1, because 
A'(0) = 1.) 

Now suppose A is nontrivial. (This will lead to a contradiction.) Then there 
exist n and A, such that 

aA,n ^ 0. (4.2) 
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We may assume n is minimal; hence 

X{x) = a; + ax^nx" + ax,„+ix"^^ H for all A G A. 

Then, for A, 7 e A, we have 

X + aAT,,„x" + 0(x"+i) = (A7)(a;) 

= A(7(x)) 

= 7(a;) + aA,„(7(a^))" + 0(a;"+i) 
= (a; + a^,„x" + 0(x"+i)) 

+ ax,n{x + a-y,„a;" + 0(a;"+i))" 
+ 0(x"+i) 
= a; + (a^,„ + aA,„)x" + C'(x"+i). 

Thus, the map r: A ^ M, defined by t(A) = a\^m is an additive homomorphism. 
Because A/ [A, A] is finite, but M has no nontrivial, finite subgroups, this implies 



that t(A) is trivial; therefore ax^n — for every A G A. This contradicts (4.2 1. □ 



(4.3) Remark on the general case. Suppose A is nontrivial. Then there is no harm 
in assuming that A acts nontrivially on every neighborhood of 0. Hence, letting Aq 
be a finite generating set for A, we may choose Aq € Aq and a sequence a;„ — > 0^, 
such that, for all n, we have Xo(xn) ^ Xn and 

|A(a;„) - Xn\< |Ao(a;„) - x„| for all A e Aq. 
By passing to a subsequence of we may assume 

t(A) = hm — — ^ 

exists for all A £ Aq. Because A'(0) = 1 and A is C^, it can be shown that t(A7) = 
r(A) + t(7). Therefore r: A — > R is a (nontrivial) homomorphism. This is a 
contradiction. 



(4.4) Remark (Zimmer). Here is the outline of a nice proof of Proposition 4.1' under 
the additional assumption that A has Kazhdan's Property (T). 

1. It suffices to show that the fixed points of F form a dense subset of /; thus, 
we may assume that and 1 are the only points that are fixed by F. 

2. We have 7'(0) = 1 for all 7 e F. 

3. Define a unitary representation of F on L^{I) by 

r{t) = f{jt) i7'(t)r/^ 

4. For any 7 G F and any (5 > 0, if / is the characteristic function of a suffi- 
ciently small neighborhood of 0, then Wf — f\\ < S\\f\\. Hence, this unitary 
representation has almost-invariant vectors. 

5. Because A has Kazhdan's Property (T), this implies there are fixed vectors: 
there exists / G L'^{I) \ {0}, such that f = f for all 7 G F. 

6. Every point in the essential support of / is a fixed point of F. 

7. This is a contradiction. 



Notes for §4. Proposition 4.1 was proved by W. Thurston ^Thu. in a more general 
form that also applies to actions on manifolds of higher dimension. (It generalizes 
a theorem of G. Reeb.) 



See |RSj or [Schj for details of the proof sketched in Remark 4.3 



The proof outlined in Remark 4.4 is due to R. J. Zimmer; details appear in |WZI 
§5, pp. 108-109]. 
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9 



5 Smooth actions of Kazhdan groups on the circle 

In this section, we prove Theorem |1.7| First, let us recall one of the many equivalent 
definitions of Kazhdan 's property (T). 

(5.1) Notation. For any real Hilbert space H, we use Isom(7i) to denote the isom- 
etry group of H. (We remark that each isometry of TC is the composition of a 
translation with a norm-preserving linear transformation.) 

(5.2) Definition. We say that a discrete group F has Kazhdan's property (T) if, 
for every homomorphism p: T ^ Isom(7i), where 7i is a real Hilbert space, there 
exists V €z Ti., such that p{g)v — v, for every g (z T. 

In short, to say that F has Kazhdan's property (T) means that every isometric 
action of F on any Hilbert space has a fixed point. The importance of this notion 
for our purposes stems from the following result, whose proof we omit. 

(5.3) Theorem (Kazhdan). //n > 3, then every lattice in SL(n,M) has Kazhdan's 
property (T) . 

(5.4) Exercise. Show that if F is an infinite group with Kazhdan's property (T), 
then F is not abelian. 

[Hint: Every group with Kazhdan's property (T) is finitely generated, and every finitely generated 
abelian group is either finite or has a quotient isomorphic to Z.] 

We now turn to the proof of Theorem |1.7[ To simplify notation, we may think 
of as [— 7r/2, 7r/2]. In particular, for any diffeomorphism of and any x G S^, 
the derivative g'{x) is a well-defined real number. 

(5.5) Definition. 

• Let ^{S^ X S^) be the vector space of measurable functions on x (with 
two functions being identified if they are equal almost everywhere). 

• Define an action of mS^{S^) on J^{S^ x S^) by 

F^{x,y)^F{gix),g{y)) W {x)\'/' W {y)\'/' 
for F e T{S^ X S*!) and g e mS^{S^). 

1 /2 

• Let \\F\\2 = {Jgi Jgi F{x,yy dx dy) be the L^-norm of F; note that ||F||2 = 
oo if i^^ i^^^i X 5-1). 

Note that 

pah ^ (^pgy^ and \\F3\\2 = ||F||2 for F e T{S^ x S^) and g,he L)iS'^{S^). 

(5.6) Notation. 

• Choose a positive function / on S^, such that 

— / has a, 1/x singularity at the point of S"^, and 

— / is C°° everywhere else; 

that is, identifying with [— 7r/2, 7r/2], we have 

fix) - ^ e C-(^i). (5.7) 

For example, one may take f{x) = | cot x \. 

• Now define 

<I>(a:;, y) = f{x - y) on x . 
Because of the 1/x singularity of /, it is easy to see that (f> ^ L^{S^ x S^). 
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For any g £ DifF^(5'-'^), the following calculation shows that the singularity of $f 
cancels the singularity of 4>. 

(5.8) Lemma. The difference <i>3 — $ is a hounded function on x , for any 



Proof. From (5.7 1, we see that there is no harm in working with the function 
<I>o(x, y) — l/\x — y\, instead of <&. Also, in order to reduce the number of absolute- 
value signs, let us assume 5' > everywhere. 

\^s{x,y) -^{x,y)\ 

- \Hi^^y)-^o{x,y)\ 

.g'(x)V2g'(2^)i/2 1 



\gix)-giy)\ 

/(x)V2g'(y)l/2 



\x ~ y\ 
1 



\9'ii){.x~~v)\ 
g'{xY'^g'{yY'^ 



\x - y\ 

9'{t)\ 



O 



9'{t)\x-y\ 

\g'{x)g'{y)-g'm 
g'{xYng'{yY/2 + g'^t))g'{t)\x-y\ 
\9'{x)g'{y)^g'{tf\ 



F - y\ 



( 3ie(a;,y),by 
l^Mean Value Thm. 



/ multiply by conjugate 
I of numerator 

g diffeomorphism\ 
^ g' is never J 



Now, we wish to show that the numerator is bounded by a constant multiple of the 
denominator. 

\9\x)9'{y)-g'{tf\ 

<9'{x)\g'{y)~g\t)\+g\t)\g\x)~g'{t)\ 



^9'{x)\g"{u)\\y-t\+g'{t)\g"{v)\\x-t\ 
< 9'i.x) \g"{u)\ \x-y\ + g'{t) \g" {v)\ \x - y\ 
= 0{\x^y\) 
We will also use the following classical fact: 



(Triangle inequality) 

/Mean Value Thm 
\^ applied to g' 

(because t e (x, y)) 

g',g" continuous 
so bounded 



□ 



(5.9) Lemma (Holder, 1901). Every nonabelian group of homeomorphisms of 
contains at least one nonidentity element that has a fixed point. 

Proof of Theorem 11.71 Suppose F is a discrete group with Kazhdan's property (T) , 
and we have a faithful action of F on the circle S^. From Lemma 5.8 we see 
that 

+ £2(5-1 X S^)y = $ + i2(5i X S^) for all g e T)iS^{S^). (5.10) 

Thus, F acts (by isometrics) on the affine Hilbert space ^ + L^{S^ x S^). Because F 
has Kazhdan's Property, we conclude that F has a fixed point F in ^ + L^{S^ x S^): 

F9 ^ F for all g £ F. 
Because $ i L^{S^ x S^), and F - $ e ^^(^i x 5^), it is obvious that F ^ 
L\S^ X S^). 



5. SMOOTH ACTIONS OF KAZHDAN GROUPS ON THE CIRCLE 
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Figure 5.1: A rectangle i?„ (shaded) in x 



Now, define a measure fj. on x hy ^ — dx dy. Then 

1. is a F-invariant measure on x (because F is F-invariant); and 

2. if i? = (ai, 6i) X (a2, 62) is a rectangle in S^xS^, then, from the 1/x singularity 
of $ along the diagonal, we see that 



00 if i? intersects the diagonal; 
finite if R is away from the diagonal. 



For example, in Figure 5.1 the rectangle (a, 6) x (6, c) has infinite measure. 



because it touches the diagonal at {b,b), but the shaded rectangle Rk has 
finite measure, because it does not touch the diagonal. 



Because F is not abelian. Lemma 5.9 tells us we may choose g G F, such that 
g has a fixed point. Then, by passing to a triple cover of S^, we obtain an action 
of (a finite extension of) F in which g has at least 3 fixed points: 



5(a) 



gib) 



9{c) 



By perhaps replacing a and b with different fixed points, we may assume, for x € 
(a, 6), that 



lim g'^ix) 



b a,s k —> cx) 
a as fc ^ —o 



For each fc G Z, define 



(see Figure 5.11. Then 



so 



Rk = (a, /(a;)) x (6,c) 

g{Rk) = Rk+i, 
^i{Rk) = n{Rk+i)- 
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Therefore 

0= J2 O^Rk+i) - f^{Rk)) 



k ——oo 



U {Rk+i\Rk)\ 

\k — — oo / 

= X ib,c)). 

However, the rectangle {a,b) x (6, c) touches the diagonal at the point {b,b), so 
it has infinite measure. This is a contradiction. □ 

(5.11) Remark. In the proof of Theorem |1.7[ the assumption that the elements of T 
are was used only to esta blish ( 5.10| . For this, it is not necessary to show that 



^9-^ is bounded (as in (|5^ ), but only that e L'^{S'^ x S^). The calculations 

in the proof of Lemma |5.8| show that this holds under the weaker hypothesis that 
g G C^/^"'"'^, for any e > 0. In fact, A.Navas observed that, by using recent results 
that groups with Kazhdan's property (T) also have fixed points in certain LP spaces 
with p ^ 2, it can be shown that can be replaced with C''/^ in the statement of 
Theorem 11.71 



This leads to the following well-known question: 

(5.12) Problem. Can an infinite (discrete) group with Kazhdan's property (T) 
have a faithful C*' action on S^l 



Notes for §5. Theorem 1.7 was first proved in [NaT], but the idea to use Lem ma|5.8| 
came from earlier work of A. Pressley and G. Segal |PS] and A. Reznikov |Rez[ 
Chap. 2]. Proofs also appear in pTVl §2.9] and [Na2l §5.2]. 

The condition in Definition |5 . 2| was introduced by J.~P. Serre, and it is not at all 
obvious that it is equivalent to the original definition of property (T) that was given 
by D. Kazhdan. For a discussion of this, and much more, the standard reference on 
Kazhdan's property (T) is |BHV] . 



See [GhS] Thm. 6.10] or §2.2.4] for a proof of Lemma [5^9 

Implications of Kazhdan's property (T) for fixed points of actions on spaces 
(and other Banach spaces) are discussed in |BFGM| . 



6 Ghys's proof that actions have a finite orbit 



In this section, we present Ghys's proof of Theorem 1.4 modulo some facts that 
will be proved in Section [7] To get started, let us show that it suffices to find a 
F-invariant measure on the circle. 

(6.1) Definition. A measure /i on a measure space X is a probability measure if 

Kx) = 1. 

(6.2) Lemma. // 

• T is a discrete group, such that the abelianization r/[r,r] is finite, 

• F acts on by orientation-preserving homeomorphisms, and 

• there is a T -invariant probability measure /i on , 
then F has at least one finite orbit on . 



6. GHYS'S PROOF THAT ACTIONS HAVE A FINITE ORBIT 
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Proof. We consider two cases. 

Case 1. Assume fi has at least one atom p. Let 

= { ffp I 5 G r } 

be the orbit of p. Because /i is F-invariant, we have fJ,[gp) — fJ.{p), for every g G F. 
Therefore 

^l{Tp) = #{Tp)^l{p). 

Since is a probabihty measure, we know that fJ.(Tp) < oo, so we conclude that 
Tp is a finite set. That is, the orbit of p is finite. 

Case 2. Assume fj, has no atoms. To siniphfy the proof, let us assume that the 
support of n is all of S^. (In other words, every nonempty open subset of has 
positive measure.) For x,y G S^, define 

d{x,y) = n{[x,y]), (6.3) 
where [x, y] is a path from a; to y, and, for a given x and y, we choose the path [x, y] 
to minimize y]). It is easy to see that d is a metric on S^. Up to isometry, 
there is a unique metric on S^, so we may assume that d is the usual arc-length 
metric. 

Because /i is F-invariant, we know that d is F-invariant, so F acts by rotations of 
the circle. There is no harm in assuming that the action is faithful, so we conclude 
that F is abelian. But every abelian quotient of F is finite, so we conclude that F is 
finite. Hence, every orbit is finite. □ 



(6.4) Exercise. Complete the proof of Lemma 6.2 by eliminating the assumption 
that the support of fi is all of in Case|2] 

[Hint: Modify the above proof to show that every orbit in the support of fi is finite.] 

To simplify the notation, we will assume henceforth that n = 3. 

(6.5) Notation. Let 

• SL(3,E), 

• F be a lattice in G, and 

* * * 



P = 



c G 



We remark that P is a minimal parabolic subgroup of G. 

Ghys's proof is based on the following key fact, which will be established in SjT 
by using the fact that the group P is "amenable'.' 

(6.6) Notation. Prob(X) denotes the set of all Radon probability measures on X 
(where X is any compact, Hausdorff space). This is a closed, convex subset of the 
unit ball in C{X)*, with the weak* topology, so Prob(X) has a natural topology 
that makes it a compact Hausdorff space. 

(6.7) Proposition (Furstenberg). // F acts continuously on any compact metric 
space X, then there is a T-equivariant, Borel measurable map ip: G/P Prob(X). 

If ip were invariant, rather than egiti variant, the following fundamental theorem 
would immediately imply that is constant (a.e.). (This theorem will be proved in 



(6.8) Theorem (Moore Ergodicity Theorem). If H is any closed, noncompact sub- 
group of G, then the action of F on G/H is ergodic; by definition, this means that 
every T-invariant, measurable function on G/H is constant (a.e.). 
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The homogeneous space G/P plays a major role in Ghys's proof, because of its 
appearance in Proposition |6.7[ We will now present a geometric interpretation of 
this space that is very helpful. 

Recall that a flag in M'^ consists of a pair (i?, tt) , where 

• £ is a 1-dimensional vector subspace of M.^ (a line) , and 

• TT is a 2-dimensional vector subspace of K'^ (a plane) that contains t. 

The group G = SL(3, M) acts transitively on the set of flags, and P is the stabilizer 
of the standard flag 

Fo = (4,7ro), where Iq = (*,0,0) and ttq = (*,*,0). 

Therefore: 

(6.9) Proposition. G/P can be identified with the space T of all flags, by identi- 
fying gP with the flag gFg . 

Proof of Theorem 11.41 Suppose F acts by homeomorphisms on the circle . 
From Proposition |6.7| we know there is a F-equivariant, measurable map 

i;: G/P ^Pioh{S^). 

It will suffice to show that ip is constant (a.e.), for then: 

• the essential range of ip consists of a single point /z € Prob(S'^), and 

• the essential range of ip is F-invariant, because ip is F-equivariant. 



So /i is F-invariant, and then Lemma 6.2 implies F has a flnite orbit on 5^ 



There are two basic cases to consider: either the measure consists entirely 
of atoms, or ipi^x) has no atoms. (Recall that an atom of a measure is a point p, 
such that 7^ 0.) It is also possible that ^j{x) consists partly of atoms, and 



partly of nonatoms, but Corollary 7.5 below tells us that we need only consider the 
two extreme cases. 

Case 1. Assume ^{x) has no atoms, for a.e. x G G/P. 

• Let Probo(S'^) = { /i G Prob(S'^) | p. has no atoms }. 

• By assumption, we know ^p: G/P —^ Probo(S'^), so we may define 

{G/Pf ^ (Probo(5i))' by ^/j\x,y) = (^(a;), V'(y)) • 
Then ip'^, like ip, is measurable and F-equivariant. 

• Define d: (Probo(5'i))^ ^ M by 

d{fil,^i2) =sup|^i(J)-^2(J)|, 
J 

where J ranges over all intervals (that is, over all connected subsets of S^). 
Since F acts by homeomorphisms, and any homeomorphism of 5^ maps inter- 
vals to intervals, it is easy to see that d is F-invariant. 
We claim that 

d is continuous, (6.10) 

with respect to the usual weak* topology that Probo(S'^) inherits from being a 
subset of Prob(S'^). To see this, we note that if G Probo(5^) and e > 0, then, 
because // has no atoms, we may partition into finitely many intervals Ji, . . . , Jk, 
such that fi{Ji) < e for all i. By approximating the characteristic functions of these 
intervals from above and below, we may construct continuous functions /i, . . . , f2k 
and some 6 > 0, such that, for ly G Prob(S'^), 

if \v{fi) — ^(/i)| < 5 for every i, then b(Ji) — ^J.{Ji)\ < — for every i. 

n 

Then, for any interval J in S^, we have |i^(J) — l^{J)\ < 2e, so d{v,ij) < 2e. This 



completes the proof of (6.10) 
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Because ■0^ is measurable, and d is continuous, we know that the composition 
do ip'^ is measurable. In addition, because ip'^ is F-equivariant and d is F-invariant, 
we also know that d o ip'^ is F-invariant. (Note: we are saying invariant, not just 



egwi variant.) From the Moore Ergodicity Theorem (6.8), we know that F is ergodic 



on (G/P) (see 7.6 1, so we conclude that doijr' is constant (a.e.); say 



dl^ijj'^ {x , y)) — c, for a.e. x,y £ G/P. 

We wish to show that c = 0, for then it is clear that ip{x) = for a.e. x, y G G/P, 
so ip is constant (a.e.). 

It is obvious that ^(-0^(2;, a;)) = for every x S G/P. If ip were constant ev- 
erywhere, rather than merely almost everywhere, then it would follow immediately 
that c = 0. Unfortunately, the diagonal {{x, x)} is a set of measure in (G/P)^, so 
a little bit of additional argument is required. 

By Lusin's Theorem, ip is continuous on a set K of positive measure. Since 
the composition of continuous functions is continuous, we conclude that d o ip'^ is 
continuous on K x K. So, by continuity, it is constant on all oi K y. K, not merely 
almost all. Since d('!/'^(a;, x)) = 0, this implies d(tp-^{x,y)) = for all x,y £ K. 
Since if is a set of positive measure, this implies c = 0, as desired. 

Case 2. Assume consists entirely of atoms, for a.e. x G G/P. To simplify the 
notation, without losing the main ideas, let us assume that ip{x) consists of a single 
atom, for every x £ G/P. Thus, we may think of ip as a, F-equivariant, measurable 
map 

G/P^ S\ 

Surprisingly, even with the simplifying assumption, the argument here seems to 
be more difficult than in Case [T] The idea is to obtain a contradiction from the 
F-equi variance oi ip, by contrasting two fundamental observations: 

• Homeo+(S'^) is not triply transitive on 5'^: if x, y, and z are distinct, then 
no orientation-preserving homeomorphism of can map the triple {x,y,z) 
to {y, X, z) — they have opposite orientations under the circular order on S^. 

• The action of GL(2,M) on the projective line MP^ = M U {oo} by linear- 
fractional transformations 

ax + b lab 

cx + d [c a 

is triply transitive: if (xi,yi,zi) and (2:2, ?/2, -22) are two ordered triples of 
distinct elements of MUjoo}, then there is some g £ GL(2,M) with ^(.ti) = X2, 
giVi) = 2/2, and g{zi) = Z2. 
To illustrate, let us give an easy proof that is not quite correct; the actual proof 
is a modified version of this. Define 

^P':{G/Pf^{Sy by i:^{x,y,z)^{^{x),^P{y),^{z)). 

Then ip^ is F-equivariant, so 

= { {x,y,z) £ (G/P)^ I (ip{x),'ip{y),ip{z)') is positively oriented} 

is a F-invariant, measurable subset of {G/P)^. Let us assume that F is ergodic on 
(G/P)^. (Unfortunately, this assumption is false, so it is where the proof breaks 
down.) Then X+ must be (almost) all of (G/P)^; thus, ['ip{x),tp{y),tp{z)) is pos- 
itively oriented, for (almost) every x,y,z £ G/P. But this is nonsense: either 
(jp{x),ip{y),ip{z)^ or (ip{y),ip{x),^{z)) is negatively oriented, so there are many 
negatively oriented triples. 
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To salvage the above faulty proof, we replace (G/P)^ with a subset X, on which 
r does act ergodically. Let 

* * * 

C G, and 



• Q = 

0* 

• X = { {xi,x2,x3) e {G/Pf 



xiQ = X2Q = xaQ, 
xi, X2,X3 distinct 

Note that X is a submanifold of (G/P)^. (If this is not obvious, it follows from the 
fact, proven below, that X is a single G-orbit in (G/P)^.) 

Assume, for the moment, that T is ergodic on X (with respect to any (hence, 
every) Lebesgue measure on the manifold X). Then the above proof, with X in the 
place of (G/P)^, implies that 

X^ — {{x,y,z) & X \ {ip{x),'ip{y),ip{z)^ is positively oriented} 

is a set of measure 0. Then it is not difficult to see that ?A is constant on X (a.e.). 
Hence i/' is right Q-invariant (a.e.): for each q E Q, we have ip{xqP) — tp{xP) for 
a.e. X G G/P. 

By a similar argument, we see that ip is right Q'-invariant (a.e.), where 



c G. 



Because Q and Q' , taken together, generate all of G, it then follows that ?/> is right 
G-invariant (a.e.). Hence, ip is constant (a.e.), as desired. 

All that remains is to show that T is ergodic on X. By the Moore Ergodicity 
Theorem (6.8 1, we need only show that 

1. G is transitive on X, and 

2. the stabilizer of some element of X is not compact. 

These facts are perhaps easiest to establish from a geometric perspective. 

The (parabolic) subgroup Q is the stabilizer of the plane ttq = (*, *, 0). Hence, 
QFq is the set of all flags {£,7t) with tt — ttq. Therefore, under the identification of 
G/P with !F, we have 



X 



((4,^i),(^2,7r2),(4,^3)) 



^ij ^2, £3 distinct 
([1]) Let us show that G is transitive on X. Given 

{{ei,n),{e2,7r),{£,,7T)),{{£[,7T'),{£'^,7r'),{£3,7r')) ex, 
it suffices to show that there exists g e G, such that 

g{{ei,7T),{£2,7T),{£3,7r)) = {{£[,n'),{£'^,7T'),{£3,7r')). 
Because G is transitive on the set of 2-dimensional subspaces, we may assume 

TT = Tt' = TTQ = M^. 

Then, because GL(2, M) is triply transitive on RP^, there exists T e GL(2 
that 

T{£,,£2,£3)^{£[,£'2,£'3)- 

Letting 



(6.11) 



(6.12) 



, such 
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T 





1 

dotT. 



yields (6.121. 
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^ Let us show that the stabilizer of some element of X is not compact. Let 

r u 1 

A = I a aeM' 
I [O l/a^J 

Then A is a closed, noncompact subgroup of G. Furthermore, every element of A 
acts as a scalar on ttq, so every element of A fixes every 1-dimensional vector sub- 
space of ttq. Thus, if 

((^i,^),(^2,7r),(£3,7r)) €X, 

with TT = TTo, then A is contained in the stabilizer of this element of X, so the 
stabilizer is not compact. □ 

Notes for §6. Ghys's proof first appeared in |Gh2] . See |Gh3| §7.3] for an exposi- 
tion. 



7 Additional ingredients of Ghys's proof 
7A Amenability and an equivariant map 

A group is amenable if its action on every compact, convex set has a fixed point. 
More precisely: 

(7.1) Definition. A Lie group G is amenable if, for every continuous action of G by 
linear operators on a locally convex topological vector space V, and every nonempty, 
compact, convex, G-invaxiant subset C of V, the group G has a fixed point in G. 

(7.2) Example. 

1. If T is any continuous linear operator on V, and v is any element of V, such 
that {T"?;} is bounded, then every accumulation point of the sequence 

Vn = -{Tv + T^v + --- + T''v) 
n 

is a fixed point for T. This implies that cyclic groups are amenable. 

2. A generalization of this argument shows that all abelian groups are amenable; 
this statement is a version of the classical Kakutani-Markov Fixed-Point The- 
orem. 

3. It is not difficult to see that if is a normal subgroup of G, such that N and 
G/N are both amenable, then G is amenable. 

4. Combining the preceding two observations implies that solvable groups are 
amenable. 

5. In particular, the group P of Notation |6.5| is amenable. 

Proof of Proposition [6?fl Since Prob(A') is a compact, convex set, a version of 
the Banach-Alaoglu Theorem tells us that L°°{G; Prob(Ar)) is compact and convex 
in a natural weak* topology. Let 

{G;Proh{X)) = { V € L°°(G; Prob(A:)) | V is F-equivariant (a.e.) } . 

This is a closed, subset of i°°(G; Prob(A)) , so it is compact. It is also convex 
and nonempty. To say "0 is F-equivariant (a.e.) means, for each 7 G F, that 
ipi'yx) = 7 • i^ix) for a.e. x G G; so G acts on ijy (G; Prob(A")) by translation on 
the right. Hence, the subgroup P acts on (G; Prob(A)) . 

Since P is amenable (see Example |7.2[ [5l)), it must have a fixed point in the 
compact, convex set (G; Prob(A')) . Then i/jq is invariant (a.e.) under translation 
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on the right by elements of P, so it factors through (a.e.) to a well-defined map 
ip: G/P Prob(X). Because ipo is F-equi variant, it is immediate that ip is F- 
equivariant. □ 



7B Moore Ergodicity Theorem 



We will obtain the Moore Ergodicity Theorem (6.8) as an easy consequence of the 
following result in representation theory: 

(7.3) Theorem (Decay of matrix coefficients). // 

• G = SL(?i,M), 

• TT is a unitary representation of G on a Hilbert space Ti, such that no nonzero 
vector is fixed by tt^G); and 

• {gj} is a sequence of elements of G, such that \\gj\\ oo, 
then (7r((7j)0 | ■0) ^ 0, for every 0, ^ € 7i. 

Proof. By passing to a subsequence, we may assume T^igj) converges weakly, to 
some operator E; that is, 

{TT{gj)(l) I V) ^ (Ec/) I V^) for every ^H. 
We wish to show ker E = 71. 
Let 

U ={ueG\gjUg-^ ^ e} 



and 

For u E U , we have 



u- 



{v eG\g. ^vgj e}. 



{ETr{u)4} I ■(/;) = lim(7r(5ju)(/> | ip) 

= lim(vr(5jW5j'^)7r(gj)0 | i/j) 
= lim(vr(5j)0 | V) 
- {E^ I 

so En{u) — E. Therefore, letting Ti^ be the space of ?7-invariant vectors in Ti, we 



have 

We have 



(H^)^ C ker£;. 



{E*d, I V) = (0 I Ei,) = lim(0 I ^(.g,)V) = lim(7r(g-i)0 | ^), 

so the same argument, with E* in the place of E and gj^ in the place of gj, shows 
that 

Assume, for simplicity, that each gj is a positive-definite diagonal matrix: 
gj = bj with aj,bj,Cj > 0. 



(It is not difficult to eliminate this hypothesis, by using the Cartan decomposition 
G = KAK, but that is not necessary for Ghys's proof.) Then the subgroup gen- 
erated by {'!T{gj)} is commutative. Because tt is unitary, this means that 7r((;j) 
commutes with both 7r{gk) and TT{gk)* = i:{g^^) for every j and k. Therefore, the 
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limit E commutes with its adjoint (that is, is normal): we have E*E = EE*. 
Hence 

= {Eel, I E4>) = {{E*E)cl, I 0) 

= {iEE*)(l, I 0) = {E*^ I = \\E*<P\\', 

so ker i? = ker E* . 
Thus, 

ker E — ker + ker E* 

By passing to a subsequence, and then permuting the basis vectors of M'^, we 
may assume 



Oj > bj > Cj. 



Since 



1 5^-1 



oo, we have 



lim max , ^ ^ = oo . 

J— ►oo 



For definiteness, let us assume 



lim sup < oo and lim ^ = oo , 



so 



U = 



'l 

1 

He He 1 



j^oo Cj 

and = 



1 * 
1 * 
1 



(Other cases are similar.) Then it is easy to see that {U, U ) — G, which means 
^(C/,C/~> ^ ^ 0, so 



as desired. 



□ 



Proof of Theorem l678l Suppose there is a F-invariant, measurable function on 

G/H that is not constant (a.e.). Then: 

3 measurable function on T\G/H that is not constant (a.e.), 
so 3 measurable function on H\G/T that is not constant (a.e.), 
so 3 iJ-invariant, measurable function / on G/T that is not constant (a.e.). 

There is no harm in assuming that / is bounded. Since F is a lattice in G, we know 
G/T has finite measure, so this implies / S L^{G/T). Letting tt be the natural 
unitary representation of G on L?{G/V), we know that / is 7r(i?)-invariant. 

Let L'^{G/T)o be the orthogonal complement of the constant functions. Since / 
is nonconstant, its projection / in L^(G/F)o is nonzero. By normalizing, we may 
assume ||/|| = 1. Since the orthogonal projection commutes with every unitary 
operator that preserves the space of constant functions, we know that /, like /, is 
7r(i7)-invariant. So 

{Ah,)7 I 7) = (7 I 7) = 1, for all h, e H. 
On the other hand, since H is closed and noncompact, we may choose a sequence 



{hj} of elements of H, such that \\hj 



oo. Then, since no nonzero vector in 



20 



L2(G'/r)o is fixed by tt{G), Theorem [T^] tells us that 



{n{h,)f I /) ^ 0. 



This is a contradiction. 



□ 



(7.4) Remark. The assumption that H is not compact is necessary in the Moore 
Ergodicity Theorem (6.8 1: it is not difficult to see that if iJ is a compact subgroup 
of G = SL(3,M), and T is any lattice in G, then T is not ergodic on G/H. 



(7.5) Corollary. In the situation of Proposition 6.1 one may assume that either. 



• /or a.e. x £ G/P, the measure i^oix) has no atoms, or 

• for a.e. x G G/P, the measure ipo{x) consists entirely of atoms. 

Proof For each x G G/P, write ip{x) = '0noatom(a;)+V'atom(a;), where ipnoa.tom{x) has 
no atoms, and '0atom(a;) consists entirely of atoms. Since V'noatom and ■(/'atom (a;) are 
uniquely determined by ip, it is not difficult to see that they, like ip, are measurable 
and F-equi variant. One or the other must be nonzero on a set of positive measure, 
and then the ergodicity of F on G/P implies that this function is nonzero almost 
everywhere, so it can be normalized to define a (F-equi variant, measurable) map 
into Prob(5i). □ 



(7.6) Corollary. In the situation of Notation 6.5 F is ergodic on {G/P) 



Proof. Two flags Fi — (i'i,7ri) and F2 — (^2, "■2) are in general position if ^ 1:2 
and £2 ^ T^i- It is not difficult to see that G is transitive on the set JFq of pairs 
of flags in general position, and that the complement of JFq has measure in . 
Therefore, {G/P)"^ may be identifled (a.e.) with G/H, where H is the stabilizer of 
some pair of flags in general position; we may take 



H = StabG(((*, 0, 0), (*, *, 0)), ((0, 0, *), (0, *, *))) = 



Since H is not compact, the Moore Ergodicity Theorem (6 
ergodic on G/H ^ (G/P)^. 



tells us that F is 

□ 



Notes for §7. Proposition 6.7 is due to Furstenberg |Fur] . It is a basic result in the 
theory of lattices, so proofs can be found in numerous references, including |Gh3[ 
Prop. 7.11] and [ZSl Prop. 4.3.9, p. 81]. 

The monograph |Piej is a standard reference on amenability. See |Zi2) §4.1] for 
a brief treatment. 



Theorem 6.8 is due to C. C.Moore |Moo| . The stronger Theorem 7.3 is due to 
R.Howe and C.C.Moore |HM[ Thm. 5.1] and (independently) R. J.Zimmer |Zill 
Thm. 5.2] . The elementary proof we give here was found by R. Ellis and M. Nerurkar 
lENl. 



8 Bounded cohomology and the Burger-Monod proof 

8A Bounded cohomology and actions on the circle 

Suppose a discrete group F acts by orientation-preserving homeomorphisms on = 
K/Z. Since M is the universal cover of S^, each element 7 of F can be lifted to a 
homeomorphism 7 of M. The lift 7 is not unique, but it is well-defined if we require 
that 7(0) G [0,1). 
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(8.1) Definition. For 71,72 G F, the homeomorphisms 7172 and 7172 are lifts of 
the same clement 7172 of F, so there exists z — 2(71, 72) G Z, such that 

7172 = 7r72 + z. 

The map z : F x F — > Z is called the Euler cocycle of the action of F on S*^ . 
It is easy to see that 

• z is a bounded function (in fact, z(F x F) C {0, 1}), and 

• -2(71. 72) + -2(7172, 73) = ^(71, 7273) + 2(72, 73), so z is an Eilenberg-MacLane 
2-cocyle. 

Therefore, the Euler cocycle determines a bounded cohomology class: 

(8.2) Definition. 

1. A bounded k-cochain is a bounded function c: F'' — > Z. 

2. The bounded cochains form a chain complex with respect to the differential 
defined by 

^c(7o,7i,---,7fe) = c(7i, . . . ,7fc) 

k 

+ ^{-'^yc{jo, . . . ,7«-i7«, ■■■,1k) 
1=1 

+ (-l)'=+ic(7o,7i,---,7fc-i)- 
The cohomology of this complex is the bounded cohomology of F. 

3. The Euler class of the action of F is the cohomology class [z] e H^^^{T,Z) 
determined by the Euler cocycle. 

(8.3) Remark. The Euler cocycle z depends on the choice of the covering map 
from M to S^, but it is not difficult to see that the Euler class [z] is well-defined. 
Indeed, it is an invariant of the (orientation-preserving) homeomorphism class of 
the action. 



The connection with Theorem 1.4 is provided by the following fundamental 
observation: 

(8.4) Proposition (Ghys). The action of F on has a fixed point if and only if 
its Euler class is in T[^^^{T- Z). 

Proof. (=>) We may assume the fixed point is the image of under the covering 
map E S^. Then 7(0) = 0, for every 7 e F, so it is clear that 2(71,72) = for 
all 7i and 72. 

(-4=) Assume z — 5ip, where 1^9: F ^ Z is bounded. If we set 7 = 7 — </'(7), then 
the map 7 — )■ 7 is a homomorphism; F is a lift of F to a group of homeomorphisms 
of M. 

Since 7(0) G [0, 1), and ip is bounded, it is clear that the F-orbit of is bounded. 
Since the orbit is obviously a F-invariant set, its supremum is also F-invariant; in 
other words, the supremum is a fixed point for F in M. The image of this fixed point 
under the covering map is a fixed point for F in S*^ . □ 

The definition of H^^^{T;Z) can be generalized to allow any coefficient module 
in the place of Z. For real coefficients, we have the following important fact: 

(8.5) Corollary. If H^^^(T;M.) = 0, and the abelianization of F is finite, then every 
action of F on has a finite orbit. 
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Proof. The short exact sequence 

^ Z E ^ M/Z 

of coefficient groups leads to a long exact sequence of bounded cohomology groups. 
A part of this sequence is 

Hl^^{T;R/z) ^ i/b'dd(r;Z) - i?bdd(r;K). 

The right end of this sequence is 0, by assumption. If we assume, for simplicity, 
that the abclianization of T is trivial (rather than merely finite) , then the left end 
is also 0. Hence, the middle term must be 0. Then Proposition |8.4| implies that 
every (orientation-preserving) action of T on has a fixed point. 

Without the simplifying assumption, one can obtain the weaker conclusion that 
the commutator subgroup [r,r] has a fixed point. Since, by hypothesis, r/[r,r] is 
finite, this implies that the action of F has a finite orbit. □ 

We now need two observations: 

1. Forgetting that a bounded fc-cocycle is bounded yields a natural map from 
bounded cohomology to ordinary cohomology: 

rr:Fb^dd(r;IR)^H^(F;M). (8.6) 

2. The cohomology of lattices in SL(n, M) has been studied extensively; in par- 
ticular, it is known that 

ij2(r; M) = if F is any lattice in SL{n, M), with n > 6. (8.7) 

Therefore, under the assumption that n > 6, the conclusion of Theorem |F4| can be 
obtained by combining Corollary |8 . 5 1 with the following result. 



(8.8) Theorem (Burger-Monod) . // F is any lattice in SL{n,M.), with n>3, then 
the comparison map (|8.6[) is injective for k — 2. 



^fbdd(r;K) = o 



9) Corollary (Burger-Monod). // F is any lattice in SL(n,R), with n>3, then 

bdd( 



(8.1 0) R emark. See R emar k 10.7 3 1 for a brief mention of how to obtain Theo- 
rem [fII from Theorem 8.8 without needing to know that H^{T;R) vanishes. 



8B Outline of the Burger-Monod proof of injectivity 

M. Burger and N. Monod developed an extensive and powerful theory for the study 
of bounded cohomology, but we will discuss only the parts that are used in the proof 
of Theorem |8.8| and even these will only be sketched. 

(8.11) Assumption. In the remainder of this section: 

• G = SL(?i,M), with n > 3, and 

• r is a lattice in G. 

To avoid a serious technical complication, we will assume that G/F is compact. 



Outline of the proof of Theorem \8.S\ We employ relations between the cohomology 
of F and the cohomology of G. (The bounded cohomology of G will be introduced in 



Definition 8.16 below. When working with G, we always use continuous cochains.) 



• We will see that there is a natural map ibdd : -ffbdd(-'^; I^^) ^ ^hddi^'^ ^^i^/^))■ 
• It is a, classical fact that if G/F is compact, then there is a natural map 
i: iJ'=(F;E) ^ H''{G; L^{G/T)). 
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• We have comparison maps Tr and tq from bounded cohomology to ordinary 
cohomology. 

Letting k = 2 yields the following commutative diagram: 



^bdd(r;M) 



Hl^^{G-L\G/T)) 



{G;L\G/T)) 



We will show that ibdd and tq are both injective (see Corollary 8.17 and Theo- 



rem 8.18 1. The commutativity of the diagram then implies that rr is also injective. □ 



Injectivity of ibdd 

Cohomology, whether bounded or not, can be described either in terms of inhomo- 
geneous cocycles, or in terms of homogeneous cocycles. The Euler cocycle arose 
in Definition |8.1| as an inhomogeneous cocycle, but the injectivity of ibdd is eas- 
ier to explain in homogeneous terms. The following definition is written with real 
coefficients, because we no longer have any need for Z-coefficients in our discussion. 

(8.12) Definition. 

1. A homogeneous bounded k-cochain on F is a bounded function c: r''+^ M, 
such that 

c(77o,77i, • ■ -,77^) = c(7o,7i, • ■ • ,7fc), 

for all 7,7o,7ii ■ ■ ■ ,7fc ^ T. 

2. The homogeneous bounded cochains form a chain complex with respect to the 
differential 

defined by 

k+l 

^c(7o, 7i, . . . , 7/c+i) ^(-l)*c(7o, . . . , 7i, . . . , 7^+1), 

1=0 

where ji denotes that 7^ is omitted. 
For any bounded /c-cochain c, there is a corresponding homogeneous bounded k- 
cochain c, defined by 

c(7o, 71, ■ ■ ■ , 7fc) = c(7(7 Vi, 7rS2, • • ■ , Ik-ilk)- 

Thus, the cohomology of the complex {C^^^{T; M)} is the bounded cohomology of F. 

(8.13) Notation. 

1. P is the group of upper-triangular matrices in G = SL(n, M) (cf. Notation 6.51. 

2. ZL^^^{{G/Pf;Rf is the vector space of all / e {{G/P)^;R) , such that 

a) / is alternating; i.e., 

f{Xa{l),Xa(2),Xa(3)) = Sgn(cr) /(xi , X2 , X3 ) 

for every permutation a of {1,2,3}, 

b) / is T -invariant; i.e., for every 7 € F, we have 

/(7X1, 70:2, 72:3) = f{xi,X2,X3) 

for a.e. xi,X2,X3, and 
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c) / is a cocycle; i.e., for a.e. xo, xi, 0:2, X3, we have 
3 

^{-'^yf{xo,---,Xi,...,X3)^0. 



(8.14) Remark. If T were ergodic on {G/P)^, then the following theorem would 
immediately imply that -ff^jjj(r;M) = 0. This is because any F-invariant function 
on {G/PY would have to be constant, so could not be alternating (unless it were 
identically 0). 

(8.15) Theorem (Burger-Monod). Hl^^{T;M) = ZL;Jj((G/P)^M)^. 

Proof. For each homogeneous bounded /c-cocycle c: F'^+^ M, wc will show how 
to construct a corresponding c G ZL^^((G/P)'''+^;M) . The map c intertwines 
the differentials, so it induces a map from i/^^^(F;M) to the cohomology of the 
chain complex 

[zL^,{{G/Pf+';Rf}, 
and, although we will not prove it, this map is an isomorphism on cohomology. 



Since F is ergodic on (G/P)^ (see Corollary 7.6 1, every F-invariant function 
on (G/P)^ is constant, so is the only such function that is alternating. Hence, 

there are no coboundaries in ZL^j((G/P)'^; M) . This establishes the conclusion of 
the theorem. 

To complete the proof, we now describe the construction of c. For simplicity, let 
us assume fc = 2, so c: F'^ M is a homogeneous bounded 2-cocycle. By making 
use of the cocycle identity 

c{xi,X2,xz) = c{x(i,X2,X3) - c(a;o,xi,a;3) + c(a;o, xi, ^2), 
one can show that c is alternating. Therefore, c can be extended to 

ceZL-(G3;M)r, 

by choosing a fundamental domain J- for F in G and making c constant on x 
72-?^ X 73 J^, for all 71, 72, 73 e F. 

Now, because P is amenable (see Example 7.2 5])), there is a left-invariant 



mean /x on L°°(P). Using fi to average on each left coset of P yields a map 

JI: L°^{G) L°^{G/P). 

Then a map 

Ji^: L°°{G^) ^ L°°{{G/Pf) 

can be constructed by, roughly speaking, setting jf' — JI JI JI. Let c = JI^{c) S 
L°°((G/P)3;E). □ 

(8.16) Definition. 

1. The notion of a homogeneous bounded k-cochain on G is defined by replacing 
F with G in Definition |8.12[ and requiring c to be continuous. 

2. The cohomology of the complex Cj^^^{G;M.) is iJbdd(G;M), the (continuous) 
bounded cohomology of G. 

(8.17) Corollary (Burger-Monod). There is a natural injection 

7j2dd(r;M)'->i?b'dd(G;P'(G/F)). 
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Proof. For any c € ZL'^^{{G/Pf-M.) and x e {G/Pf, we can define 

e (G/r) c (G/r) by (^r) = c(5x) . 

The map Cxis G-equi variant, so it is an clement of ZL^^{{^G/PY; i^(G/r))' 
Therefore, we have an injection 

ZL^,,{{G/Pf;Kf ^ ZL-^,{{G/Pf-L'{G/T)f. 



Theorem 8.15 identifies the domain of this injection with iJbdd(r; M), and the same 
argument identifies the target with i?bdd(G; L^(G/r)). □ 

(8.18) Theorem (Burger-Monod) . The comparison map 

tg: Hb'dd(G;i'(G/r)) ^ H'{G;L^G/T)) 

is injective. 



Injectivity of tq 

The Hilbert space L'^{G/T) decomposes as the direct sum of the constant func- 
tions C and the space Lq{G/T) of functions with integral 0. The theorem is proved 



for the two summands individually (see Proposition 8.19 and Theorem 8.211. In 
both cases, we will argue with inhomogeneous cochains. 

(8.19) Proposition. The comparison map 

H^^^{G-X)^H'{G-X) 

is injective. 



Proof. Let c be an inhomogeneous cocycle that represents a class in the kernel of 
the comparison map. This implies that 

• ctGxG—s-Cisa bounded, continuous function, and 

• there a a continuous function (p: G ^ C, such that Sip — c. 

It suffices to show (p is bounded, for then c is the coboundary of a bounded cochain 
(namely, (/?), so [c] = in bounded cohomology. 

Note that, for all g,h G G, we have 

\ipigh) - ifiig) - m\ = h)\ = \c{g, h)\ < ||c|U. 

Now assume, for concreteness, that G — SL(3,M), and let 



(8.20) 
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, C/3,2 = 
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1 



We will show that ip is bounded on C/1,2, and a similar argument shows that ip 
is bounded on each of the other elementary unipotent subgroups Uij. Then the 
desired conclusion that (p is bounded on all of G is obtained by combining these 
bounds with (8.20) and the elementary observation that, for some N E N, there 
exist zi, . . . , and ji, . . . , jjv, such that 

^ ~ f^il :j 1^/12 J2f/j3j3 ' ' ' ^iNjN- 

To complete the proof, we now show that ip is bounded on Ui^2- To see this, 
note that, for 

'2 

1/2 

1 
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we have 



lim a ''ua'' 

k — *oo 



e for all u e Ui2- 



Therefore, for u e C/1.2 and fc G N, repeated application of (8.20) yields 
\h{u)\ < \h{a'') + h{a-''ua'') + h{a-'')\ + 2||c|ioo 

< \h{a-^ua^)\ + \h{a^) + h{a-^)\ + 2||c||oo 

< |/i(a-'^ua'=)| + |/i(e)| + 3||c|loo 

^ |/i(e)| + |ft.(e)| + 3||c||oo asfc^ 



□ 



(8.21) Theorem (Burger-Monod). The comparison map 

HU{G;LI{G/T)) ^ H^G;LUG/T)) 

is injective. 

Proof. Let c be an inhoniogeneous cocycle that represents a class in the kernel of 
the comparison map, so c = Sip, for some continuous (p: G ^ Lq{G/T). It suffices 
to show that ip is bounded. 

Note that, letting tt be the representation of G on Lq{G/T), we have, for all 
g,heG, 

II p{gh) - ^{g) - n{g) p{h)\ = \5^{g, h)\ = |c(g, h) \\ < \\c\\^^. (8.22) 
Let us assume G — SL(5, E). (The same argument works for all n > 5, but some 



modifications are needed when n is small.) Much as in the proof of Proposition 8.19 
it suffices to show that p is bounded on 

"1 * 
1 

1 



Ul,: 



1 



Let 



H 



^ ^ ^ 



* * * 



* * * 



1 



SL(3,M). 



For all u E Ui^2 and h E H, wc have 
II ipiu) — p{h) — 7r{h)ip{u) — 'K{h)'K{u) ip{h^^) \\ 

= II {ip{huh-^) - ip{h) - 7r(/i) p{uh-^)) 

+ Tr{h) {ip{uh^^) - p{u) - 7r(u) p{h^^)) 

<2||c||oo. 
So 

||(ld-7r(/i))(p(u)|| < ||¥.(;i)|| + ||(^(/i-i||+2||c||oo. 
Hence, for any function / on H whose integral is 1, we have 

||(ld-7r(/))^(7.)|| < sup (||^(M|| + ||^(/i-i||+2||c|U) 



H commutes with C/i,2; 
so u huh^^ 



(by (igi) 



.23) 

/i^Esupp / 

To complete the proof, we need to make a good choice of the function /. There 



are no G-invariant vectors in Lq{G/T), so the Moore Ergodicity Theorem (6.8) 
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implies there are no iJ-invariant vectors (see the proof on page 19 1 . Since H = 
SL(3,E) has Kazhdan's property (T), we conclude that H has no almost-invariant 
vectors. Hence, it is not difficult to see that there is a continuous function / on H, 
such that 

• / has compact support, 

• / d/iff — 1 (where fin is the Haar measure on H) , and 

• lk(/)ll <i- 



Then Id — 7r(/) is invertible, so (8.231 implies || ^p{u) \\ is bounded (independent of u), 



as desired. □ 

Notes for §8. See |Mo2j for a recent introduction to bounded cohomology. Al- 
though our presentation of bounded cohomology takes a very naive approach, the 
work of Ghys a nd B urger- Monod is much more functorial. 



Proposition 8.4 is due to E. Ghys |Ghl| . In fact, he proved that the Euler class 



determines the action up to semi-conjugacy. 



The Burger-Monod theory of bounded cohomology (including Theorems 8.8 



and 1 .4 1 was developed in |BMli IBM2j . An exposition appears in |Mol| . The 



improvement mentioned in Remark 8.10 appears in the paper of M. Burger |Bur] in 
this volume. 



The cohomology vanishing result (8.7 1 is a special case of |Bo2l Thm. 4.4(ii 



9 Non-orderability from bounded orbits and bounded 
generation 

Recall that Theorem |1.1| can be stated in any one of the following three equivalent 



forms (cf. Proposition |2.8[ and Lemma 2.6 1 



A. If n > 3, then no finite-index subgroup of SL(n, Z) has a faithful action on S^. 

B. If ri > 3, then no finite-index subgroup of SL(n, Z) has an orientation-preserving, 
faithful action on M. 

C. If n > 3, then no finite-index subgroup of SL(n, Z) is left orderable. 

A short, elementary proof of this theorem was given in Section [3] but we will now 
describe a different approach that has the potential to work in a more general 
situation. It has two main ingredients: 

• bounded orbits of unipotent elementary matrices (Proposition 9.2 1, and 

• bounded generation by unipotent elementary matrices (Theorem 9.5 1. 
To keep things simple, let us assume n = 3. 

(9.1) Definition. A matrix u in SL(3,M) is a unipotent elementary matrix if 

• ui.i = U2,2 = U3 3 = 1 (i.e., u has all I's on the main diagonal), and 

• u has only one nonzero entry off the main diagonal. 

(In other words, a unipotent elementary matrix is one of the matrices ai, . . . , ag of 
( p7| , for some k e M.) 

(9.2) Proposition. Suppose a finite-index subgroup T of SL(3,Z) has an orientation- 
preserving, faithful action on M. 

Ifu is any unipotent elementary matrix in T, then the u-orbit of each point in M 
is a bounded set. 

Proof. It suffices to show that the u-orbit of is bounded above. 

Define a left-invariant total order -< on F, as in Lemma [2.6[ <^), so 

a(0) < 6(0) ^ a<b. 
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By permuting the standard basis vectors, we may assume 

1 

1 



Then Lemma 3.6 implies there is some a £ F, such that u <^ a (see (3.8) with 
i = 2); i.e., u'^ -< a, for all fc S Z. From the definition of ^, this means that 

u''{0) < a(0), for all k e Z. 
So the u-orbit of is bounded above (by a(0)). □ 

It is a standard fact of undergraduate linear algebra that any invertible matrix 
is a product of elementary matrices. (This is a restatement of the fact that every 
invertible matrix can be reduced to the identity by elementary row operations.) 
Furthermore, it is not difficult to see that if the invertible matrix has determinant 1, 
then: 

• the elementary matrices can be assumed to be unipotent, and 

• there is a bound on the number of elementary matrices that is needed. 

(9.3) Exercise. Show that every matrix in SL(3,M) is a product of < 10 unipotent 
elementary matrices. 

It is a much deeper fact that the boundedness remains true when the field R is 
replaced with the ring Z: 

(9.4) Theorem (Carter-Keller). Every element of SL(3,Z) is a product of < 50 
unipotent elementary matrices in SL(3,Z). 

There is also a bound for any finite- index subgroup F, but the bound may depend 
on F, and the unipotent elementary matrices may not generate quite all of F: 

(9.5) Theorem (Carter-Keller-Paige). // F is a finite-index subgroup of SL(3,Z), 
then there is a number N , and a finite-index subgroup F' of T, such that every 
element of F' is a product of < N unipotent elementary matrices in F'. 

Combining Proposition |9.2[ and Theorem |9.5| yields the following conclusion: 

(9.6) Corollary. // F is a finite-index subgroup of SL(3,Z), then every orientation- 
preserving action of T on R has a fixed point. 

Proof. It suffices to show that the orbit F-0 is bounded above, for then the supremum 
of this orbit is a fixed point. 

' ' • " ■ ™ " " so 



For simplicity, let us ignore the difference between F' and F in Theorem 9.5 



there is a sequence gi, g2, ■ . . , Qm of unipotent elementary matrices in F, such that 

r = {gm) ■ ■ ■ (52) (ffi)- 

We will show, for k = 1,2,..., M, that 

((fffe) • • • (52) (51)) • is bounded above. 

To this end, let x be the supremum of [{gk-i) ■ ■ ■ (.92) (31)) ■ 0, and assume, by 
induction, that a: < 00. Then a; G M, so Proposition 9.2 tells us that (5^) • x is 
bounded above by some y e M. Then all of [{gk) ■ ■ ■ (.92) (51)) • is bounded above 
by y, as desired. □ 

Proof of Theorem II. II Suppose F has a nontrivial, orientation-preserving action 
on M. The set of fixed points is closed, so its complement is a disjoint union of open 
intervals; let / be one of those intervals. 
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Note that the interval / is F-invariant (because the endpoints / are fixed points), 
so r acts on / (by orientation-preserving homeomorphisms) . Then, since the open 
interval / is homeomorphic to K, Corollary |9 .6| tells us that F has a fixed point in /. 
This contradicts the fact that, by definition, / is contained in the complement of 
the fixed point set. □ 

(9.7) Remark. It is hoped that the approach described in this section will (soon?) 
yield a proof of Conjecture |1 .3| in the case where the lattice F is not cocompact. 

More precisely, let F be a lattice in G = SL(3, K), such that G/F is not compact, 
and suppose we have an orientation-preserving action of F on M. Then: 

1 * * 

1. A matrix u in SL(3, M) is unipotent if it is conjugate to an element of 1 * 

[ 1 

2. Proposition |9.2| can be generalized to show that if u is any unipotent matrix 
in F, then the w-orbit of each point in M is a bounded set. 

3. It is well known that some finite-index subgroup F' of F is generated by 



unipotent matrices, and it is conjectured that Theorem 9.5 generalizes: every 
element of F' should be the product of a bounded number of unipotent matrices 
in F'. 

If the conjecture in ([S]) can be proved, then the above argument shows that F has 
no nontrivial, orientation-preserving action on M. 

Notes for §9. This combination of bounded orbits and bounded generation was 
used in |LM1[ ILM2j to prove that some lattices cannot act on 



Theorem 9.4 is due to D. Carter and G. Keller |CKlj : an elementary proof is given 



in [CK2] . Theorem [9^ is due to D.Carter, G.Keller, and E.Paige [CKPIIMot] 

See the remarks leading up to Theorem 1 1 . 5| for more discussion along the lines 
of Remark 19.71 



10 Complements 

lOA Actions of lattices in other semisimple Lie groups 



Conjecture 1.3 refers only to lattices in SL(n,M). We can replace SL(n,M) with 
any other (connected, linear) simple Lie group G whose real rank is at least 2, but 
some care is needed in stating a precise conjecture for groups that are semisimple, 
rather than simple. First of all, it should be assumed that the lattice F is irreducible 
(i.e., that no finite-index subgroup of F is a direct product Fi x F2 of two infinite 
subgroups). But additional care is needed if SL(2,M) is one of the simple factors 
of G: 

(10.1) Example. Let G — SL(2,M) x SL(2,M), so G is a semisimple Lie group, 
and M-rankG > 2. Since SL(2,M) acts on M U {00} = (by linear-fractional 
transformations), the group G also acts on 5*^, via projection to the first factor. It 
is then easy to see that any lattice F in G has an action on (by linear-fractional 
transformations) in which every orbit is infinite. Furthermore, the action is faithful 
if F is torsion free and irreducible. 

(10.2) Conjecture. Let F be an irreducible lattice in a connected, semisimple Lie 
group G with finite center, such that M-rank G > 2. Then: 

L F has no nontrivial, orientation-preserving action on M, and 
2. F is not left orderable. 
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Furthermore, if no simple factor of G is locally isomorphic to SL(2,]R), then: 
3. r has no faithful action on , and 
4- whenever T acts on , every orbit is finite. 

(10.3) Remark. The conjecture has been verified in some cases: 

A. Theorem 1 1 . 1 1 verifies the conjecture in the special case where F is a finite-index 
subgroup of SL(n, Z), with n > 3. A very similar argument applies when T is 
a finite-index subgroup of Sp(2n, Z), with n> 2. 

B. From the examples in (|A]), it follows that the conclusions of the conjecture 
hold whenever Q-rankF > 2. 

C. L. Lifschitz and D. W Morris verified the conjecture in the special case where 

a) some simple factor of G is locally isomorphic to either SL(2, M) or SL(2, C) , 
and 

b) G/F is not compact. 

It seems likely that the method of Section [9] will be able to prove the following 
cases of the conjecture: 

(10.4) Conjecture. // F is any non-cocompact lattice in either SL(3,]R) or SL(3, C), 
then F has no nontrivial, orientation-preserving action on M. 

If so, then we would have a proof of all of the non-cocompact cases: 



(10.5) Theorem (Chernousov-Lifschitz-Morris). Assume Conjecture 10.4 tfue 



If G and F are as in Conjecture 10.2, and G/T is not compact, then the conclusions 
of Conjecture \10.2\ are true. 

Other evidence for Conjecture 1 10. 2 1 is provided by the Ghys-Burger-Monod The- 



orem (1.4 1, which remains valid in this setting: 



(10.6) Theorem (Ghys, Burger- Monod). // G and F are as in Conjecture 10.2 
and no simple factor of G is locally isomorphic to SL(2,M), then: 

1. Every action of F on has at least one finite orbit. 

2. F has no faithful C^ action on the circle . 

(10.7) Remark. 

1. The lattices that appear in Conjecture |10.2 are examples of arithmetic groups, 



and the conjecture could be extended to the class of S'-arithmetic groups. 
The Ghys-Burger-Monod Theorem has been generalized to this setting |WZI 



Cor. 6.11], and the appropriate analogue of Conjecture 10.2 has been proved 



in the special case of S'-arithmetic groups that are neither arithmetic nor 
cocompact [LMF. 

The Burger- Monod proof of Theorem |10.6| applies to some cases where F is 
a lattice in a product group G = Gi x G2 that is not assumed to be a Lie 
group. A generalization of this result on lattices in products has been proved 
by U. Bader, A. Furman, and A. Shaker [BFS, . 



The Burger-Monod injectivity theorem (cf. 8.8 1 does not immediately imply 



the conclusion of Theorem 10.6 in cases where i?^(F;IR) ^ 0. However, else 



where in this volume, M. Burger [Burl uses the injectivity to obtain a general 



theorem that includes both Theorem 8.8 and the results on lattices in prod 



ucts mentioned in the preceding paragraph. The rough idea is that if we have 
a F-action on S^, such that the real Euler class of the action is in the im- 
age of i/^jj(G;M), then a certain quotient of the F-action must extend to a 
nontrivial, continuous action of G on the circle. 
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(10.8) Remark. Our discussion deals only with actions of lattices on the 1-dimensional 
manifolds and E, but it is conjectured that large lattices also have no faithful 
actions on manifolds of other small dimensions. (For example, if rt > m + 2, then no 
lattice in SL(n,IR) should have a faithful, C°° action on any compact m-manifold.) 
Some discussion of this can be found in D. Fisher's survey paper jFi¥| in this volume, 
or in Robert J. Zimmer's CBMS lectures [ZM] . 

Notes for §10A. A weaker version of Conjecture |10.2 was suggested by D. Witte in 



1990 (unpublished), but the definitive statement that deals correctly with SL(2,IR) 
factors is due to E. Ghys [Gh2| p. 200]. 



PartsjA| and [B] of Remark [To] are due to D. Witte |Wit] . See [LMl] or [LM2] 
for Part ICI 



Theo rem 1 10. 5 is implicit in |LM2[ §8]. The proof depends crucially on the main 
result of IGLMI. 

Theorem |l0.6|is d ue to E. Ghys [Gh2] and (in slightly less generality) M. Burger 
and N. Monod~ [B M 1 [ IEM2] . Ghys's proof takes a geometric approach that relies on 
a case-by-case analysis of the possible Lie groups G; a modified (more algebraic) 
version of the proof that eliminates the case-by-case analysis was found by D. Witte 
and R. J.Zimmer [WZJ. 

lOB Some lattices that do act on the circle 



The following two conjectures suggest that the conclusions of Conjecture |10.2| fail 
for lattices in S0(1, n). Thus, the assumption that R-rank G > 2 cannot be omitted, 
although it may be possible to weaken it. 

(10.9) Conjecture (W.Thurston). // F is any lattice in SO(l,n), then there are 

• a finite-index subgroup F' of F, and 

• a surjective homomorphism (p: V —t X,. 

Because Z obviously has a C°° action on the circle with no finite orbits, this 
implies the following conjecture: 

(10.10) Conjecture. // F is any lattice in SO(l,n), then some finite-index sub- 
group of F has a G°° action on that has no finite orbits. 

These conjectures have been proved almost completely, under the additional 
assumption that F is arithmetic. 

(10.11) Theorem (Li, Millson, Raghunathan, Venkataramana). Suppose T is a lat- 
tice in S0(1, n). If 

• F is arithmetic, and 
.n^{l,3,7}, 

then the conclusions of Conjectures \10.^ and lTO.lC^ hold. 

(10.12) Remark. 

1. There exist lattices in S0(1, 3) that act faithfully on S^. (In fact, any torsion- 
free, cocompact lattice in S0(l,3) with infinite abelianization is left order- 
able.) It would be very interesting to know whether or not there exist such 
lattices in S0(1, n) for n > 4, or in other groups of real rank one. 

2. The conclusions of Conjectures ] 10. 9 and 10.10 hold for the non-arithmetic lat- 



tices constructed by M. Gromov and I. PiatetskiShapiro |GP| . Thus, a coun- 
terexample to these conjectures would have to be constructed by some other 
method. 
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(10.13) Remark. Generalizing Example 10.1 it is clear that if F is a torsion-free, 
irreducible lattice in G, and G has a simple factor that is locally isomorphic to 
SL(2,IR), then F has a faithful action on by linear-fractional transformations. 
Conversely, under the additional assumption that M-rankG > 2, E.Ghys |Gh2[ 
Thm. 1.2] proved that every action of F on either has a finite orbit or is semi- 
conjugate to such an action by linear-fractional transformations. 



Notes for §10B. Conjecture 10.9 is attributed to W. Thurston (see |Boll p. 



Theorem 10.11 combines work of several authors [Mill ILH ILiMI IRV] . See |Rag| 
for a survey. 

See |Gh3l §7.4] for a discussion of some lattices in S0(1, 3) that act on the circle. 
The general fact stated in Remark 10.12 1 1 is a theorem of S. Boyer, D. Rolfsen, and 
B.Wiest |BRW] . 



Remark 10.12 2 1 is due to A. Lubotzky |Lubj . 



IOC Actions on trees 

The real line and the circle are the only connected 1-manifolds, but there are many 
other 1-dimensional simplicial complexes. For short, a contractible, 1-dimensional 
simplicial complex is called a tree, and focusing our attention on the groups that 
act on trees leads to an interesting theory (the Bass-Serre theory of group actions 
on trees). 

(10.14) Remark. Suppose, as usual, that F is a lattice in a (connected, linear) 
semisimple Lie group G. Then it is easy to construct a faithful action of F on 
some tree, even if we assume that the tree is locally finite. To do this: 

1. Let F = iVo D TVi 3 • • • be a chain of finite-index, normal subgroups of F, 
such that Pl^, iVfe — {e}. 

2. Let the 0-skeleton Tq be the disjoint union of all T/Nk. 

3. Let the 1-skeleton Ti have a 1-simplex (or "edge") joining -fMh and -fMh+i, 
for every 7 e F and fc = 0, 1, . . .. 

Then F has a natural action on Tq by left translations, and this extends to an action 
on T (by isometrics). 

The following theorem states that, under mild hypotheses, every action of F on 
a tree has a finite orbit. This can be thought of as an analogue of Theorem |1.4| for 
actions on trees. 

(10.15) Theorem. // 



• F is as in Conjecture 10.2, or T has Kazhdan's property (T), 

and 



• T is a tree that is not homeomorphic to 

• F acts on T by homeomorphisms, 



then F has at least one finite orbit on T . 
(10.16) Remark. 

1. More precisely, the finite orbit in the conclusion of Theorem 10.15 can be 



taken to consist of either a single vertex or two vertices of the tree. 

In the Bass-Serre theory, it is usually assumed that the action is by isometrics. 

In this case: 

a) there is no need to assume that T is not homeomorphic to M, and 

b) the finite orbit can be taken to be a fixed point (and this fixed point is 
either a vertex or the midpoint of some edge). 
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(10.17) Remark. A fundamental conclusion of the Bass-Serre theory is that there is 
a finite orbit in every action of a countable group A on every tree (except possibly M) 
if and only if 

1. A is finitely generated, 

2. A/[A, A] is finite, and 

3. A cannot be written in any nontrivial way as a free product with amalgamation 
A *c B. 

In the situation of Theorem |10.15| it is well known that T is finitely generated, and 



that r/[r,r] is finite. Thus, in algebraic terms, Theorem 10.15 is the assertion that 
r is not a free product with amalgamation. 



Notes for §10C. J.-P. Serre's elegant book |Se2j is the standard introduction to 
the Bass-Serre theory of actions on trees. 



In the special case where T = SL(3,Z), Theorem 10.15 is due to J.-P. Serre 
jSel) . (See |Se2l Thm. 16, p. 67] for an exposition.) The generalization to other 
lattices of higher rank is due to G. A. Margulis |Mal|, Thm. 2]. The case of groups 
with Kazhdan's property (T) is due to R. Alperin |Alp| and Y. Watatani [ Wat] . 
independently. (Proofs can also be found in |BHVI §2.3] and |Ma21 Thm. 3.3.9 and 
13.3.10].) 



See [Sia Thm. 15, p. 58] for a proof of Remark 10.17 
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